We propose three schemes to engineer 2 M and M + 1 circular states for the motion of the center of mass of a trapped ion, M being the number of laser pulses. Since the ion is subjected to several laser pulses, we analyze the necessary duration of each one for generating the circular states, and from these, the Fock states and superposition of two-Fock states. We also calculate the probability for obtaining the required states.
I. INTRODUCTION
An exciting problem in Quantum Mechanics consists in proposing and then generating experimentally states that do not exist in the natural world. Recent advances in quantum optics and atoms manipulation in traps have allowed to realize this challenge with much success. Many nonclassical states have been proposed [1, 2, 3, 4, 5, 6, 7, 8, 9] and some have already been produced in QED superconducting cavities and in trapped atoms [10] and ions [11] .
Differently from experiments involving atoms interacting with superconducting cavities, trapped ions are loosely coupled to the environment, so decoherence is less manifest, being therefore the best candidates to engineer states or to construct devices as logic gates for implementing quantum computation. However, decoherence times must be of the order of 1ms [12] .
Along the line of quantum states engineering Law and Eberly [8] proposed a model where an arbitrary field state in a cavity may be generated by manipulating an atom (source) inside the cavity during the atom-field interaction process, thus all target states (superpositions of Fock number state) can be created from the same initial state. Matos Filho and Vogel [13] proposed a quantum nondemolition measurement of the motional energy of a trapped atom confined in a harmonic potential; by monitoring the interaction times of the lasers interacting with the two-level electronic state of the atom permit to collapse any initial vibrational state into a Fock state, however the Fock state in which the atom collapses after a complete measurement sequence is not predictable. In Refs. [14, 15] the authors proposed a general method to entangle quantum states between electronic and vibrational degrees of freedom in order to engineer a vibrational (trapped ion) target state out from an initial vacuum one; they also analyzed the sensitivity of the method due to errors in the amplitude and phase of the lasers. Simulation for preparation of Fock states by observation of quantum jumps were reported in Ref. [16] . See also [17] for the synthesis of an arbitrary two-mode bosonic state.
More subtly, Fock states can also be obtained by a superposition of coherent states evenly distributed on a circle in the phase space called circular states. Experimental schemes were proposed to generate such superpositions as states of the electromagnetic (EM) field in superconducting cavities [3, 5, 6, 7, 18] and also as states of the harmonic motion of the center of mass (COM) of a trapped ion [19, 20] . Recently, a procedure to create an arbitrary coherent states superposition of the vibrational motion of a trapped ion, localized along a line in phase space representation (target state) was proposed [21] .
Here we analyze three schemes to engineer circular states (CS) as target states for the COM of a trapped ion, estimate the total time of laser pulses and the probability to produce such states. This contribution is organized as follows: In section II we present a brief revision of the circular states and establish the conditions to obtain as a result of the N coherent states interference in phase space: the vacuum state, Fock states, special superpositions of two-Fock states. In section III we review the ion-laser interaction process. In section IV we estimate the necessary duration of the laser pulses to generate the wanted states and the probability for producing them. Finally in section V we present a summary and conclusions.
II. CIRCULAR STATES, FOCK STATES AND TWO-FOCK STATES
The circular state, proposed and studied by Janszky, coworkers [4, 5, 22] and Gagen [23] , generalizes the Schrödinger cat state. It consists of a superposition of N coherent states |α k equally likely distributed on a circle of radius r = |α k | in the phase space defined by the c-number α k ,
where λ −1/2 N is the normalization constant. For N even and C k+N/2 = ±C k , the circular state is even or odd:
. Hereon we assume N even and consider two kinds of CS's, an even and an odd:
(a) For C k = 1, the circular state is even
with normalization factor
In the Fock states basis state (2) is
with normalization constant
Due to interference between the coherent states the circular states may emulate essentially one Fock state or a superposition of two-Fock states under the following conditions:
gives closely a Fock state |N (er 2 /N) N ≪ 1 gives closely the vacuum state |0 er 2 /N ≃ 1 gives closely the superposition |0 + |N er 2 / (4N) ≃ 1 gives closely the superposition |N + |2N .
The probability for a circular state having exactly n photons is
(N = 1 is trivially the coherent state) meaning that for fixed value of N, the circular state has a finite probability for 0, N, 2N, 3N, ... quanta and zero probability for any other number of quanta. The normalization constant Z N (r 2 ) is also the partition function of the statistical distribution of quanta, thus the mean value of any power of the number of quanta is given by
(b) For C k = e i2πk/N the circular state is odd,
In terms of Fock states it can be written as The partition function is
and the probability for each Fock state |n to be present in the superposition is
In Table 1 we present a summary of our results, where a = r 2 , and for each pair (N, a), P N,j corresponds to the overlap between the Fock state (or two-Fock states superposition) and the CS. P ↑ (a) is the probability for the experimental production of a particular state for the ion COM vibrational motion.n and Var(n) stand for the mean numbers and variances of quanta. Table 1 . The first column stands for the particular states coming out from a N-even CS, due to interference in phase space; the second column gives the corresponding pairs of values (N, a) (a ≡ r 2 ) to be attributed to the CS; the third column stands for the maximum probability of a particular state in the CS superposition ; the fourth column shows the probability for the experimental production of a particular state for the ion COM vibrational motion; finally, fifth and sixth columns give the corresponding mean numbers and variances.
III. ION-LASER INTERACTION
A trapped ion is considered moving in a one-dimensional harmonic effective pseudopotential, interacting with two laser (frequencies ω 1 and ω 2 ) in a Raman-type configuration, which is responsible for a forbidden transition between two metastable internal electronic states, | ↑ and | ↓ , separated by frequency ω 0 , and called excited and ground, respectively. In this configuration, the two levels are indirectly coupled via a third one, |r , which is adiabatically eliminated. A fourth level |d is used to cool the ion and to measure its internal electronic state state by fluorescence emission, moreover it can still be used to generate the ion motional states.
The hamiltonian describing the effective interaction between the two-level electronic states and the quantized motion of the ion COM is written as (we considerh = 1):
where
and σ z are the usual Pauli pseudospin operators, a † (a) is the creation (annihilation) operator of vibrational quanta, Ω is the effective Rabi frequency of the transition | ↑ ↔ | ↓ , ω is the ion vibrational frequency, δ = ω 1 − ω 2 − ω 0 is the detuning frequency and
is the Lamb-Dicke parameter, where ∆k = (
the wave vector of laser 1(2),x is the operator referring to the COM position of the ion, m is its mass and ω is the angular frequency of its (very closely) harmonic oscillation in the trap. Thus, the strength of η can be arbitrarily selected by changing the relative direction of the laser beams.
Writing first H in the interaction picture and then expanding the resulting hamiltonian in terms of the Lamb-Dicke parameter one gets [24] 
Since the frequency ω is large in comparison with Ω, resonance conditions result for δ = −kω
(a) The choice k = 0 selects the carrier transition, with Hamiltonian
(b) k > 0 selects the k-th red frequency, whose Hamiltonian is
selects the k-th blue frequency, with Hamiltonian
. So, engineering a particular quantum state becomes possible by choosing a particular hamiltonian from Eq. (10) . Considering the Lamb-Dicke limit, η 2 ≪ 1, some specific hamiltonians have been proposed and investigated, namely: the Jaynes-Cummings hamiltonian (k = 1), the anti-Jaynes-Cummings hamiltonian (k ′ = 1) and the carrier hamiltonian (k = 0), which couple, respectively, the levels |m + 1 ↓ ←→ |m ↑ , |m ↓ ←→ |m + 1 ↑ and |m ↓ ←→ |m ↑ .
The measurement of the ion vibrational state is achieved indirectly through the measurement of the ion electronic state which is realized by collecting the resonance fluorescence signal from the transition |d ↔ | ↓ through another laser strongly coupled to the electronic ground state. The measured signal is the probability of the ion to be found in the internal state |↓ . Since the fluorescence emission disturbs the COM motion of the ion, for each new measurement the ion should be cooled back to its ground state.
IV. GENERATION OF CIRCULAR STATES IN A TRAPPED ION
We propose and analyze three different schemes to generate circular states of the kind of Eqs. (2) and (4) . For this purpose we consider a type-Kerr interaction between the ion and the effective laser which is realized by tuning it resonantly (δ = 0) with the electronic transition frequency ω 0 . In the Lamb-Dicke limit, the carrier hamiltonian becomes
(setting φ = π without lost of generality). The approximation is valid under the condition
where, Q ≡ (Var(n) −n)/n is the Mandel Q-parameter,n is the mean number of the ion motional quanta and Var(n) is the variance. For instance, if the ion is prepared initially in a coherent state |α 0 , then (12) becomes (|α 0 | 2 + 1)η 2 /4 ≪ 1, which must be satisfied in order to consider the approximation in Eq. (11). Thus, assuming condition (12) that allow the use of (11), the evolution operator is
whereΩ ≡ η 2 Ω. In all three schemes the ion is initially prepared in the upper electronic state |↑ and its COM is in a coherent state,
the second equality follows because in terms of the eigenvectors |↑ , |↓ of σ z , one has
The procedure is the following: one applies M laser pulses, each with duration t k , chosen according to the state one wants to generate. The M pulses are triggered in sequence as long as one observes M no-fluorescence events when measuring the |d ↔ |↓ transition. If in one of the measurement the ion is found in the ground electronic state |↓ (fluorescence is observed) the process is stopped and one should repeat the sequence of pulses after preparing again the ion in a coherent state. The no-fluorescence measurement is a necessary condition because it assures the no-recoil of the ion vibrational COM motion, thus, maximizing the probability of this particular sequence be realized successfully.
A. First Scheme -2 M even circular states, with M laser pulses Our aim is to generate a circular state (2) with N = 2 M coherent states. We have to perform two operations repeatedly on the ion with the lasers, (1) evolve unitarily the ion state with U(t) (13) and (2) do a projection of the ion statevector on |↑ in order to measure the probability to be found in the upper electronic state. So, in this scheme each cycle involves the application of one pulse and one measurement. The first pulse having duration t 1 , the ion state becomes
where α(t) ≡ |α 0 e iΩt . The evolution is followed by a fluorescence measurement, if the ion is found in state |↑ (no fluorescence) we consider it a successful measurement, then state (15) reduces to
where N 1 is the normalization factor. The probability to find the ion in state |↑ is
Assuming the ion was measured in this state, a second laser pulse drives the ion into state |Ψ(t 1 + t 2 ) = U(t 2 ) |Ψ ′ (t 1 ) and the second successful measurement reduces this state to
with probability
and so on. In order to engineer the ion vibrational state as Eq. (2) we need to adjust the phases of the coherent states such to be evenly distributed on the circle, this is possible when the duration of the k−th pulse is
Besides, we remind that all the coefficients of superposition (18), for instance, should be equal to 1, so choosing the Lamb-Dicke parameter as η 2 = 2 −(M +1) , it becomes possible to generate the target superposition state.
The probability to get the ion successfully in the upper electronic state after each of the M sequential measurements is given by
In the coherent states |α k the c-numbers α k have the following phases distributed on the circle of radius r
For example, if one wants to engineer a superposition with 16 coherent states (M = 4 is the number of cycles) we need η ≈ 0.18. Proceeding along the lines drawn above we get the following states after each successful measurement:
etc. So, it suffices to control the on-off switchings of the laser beams to get the right state. The total time necessary for the M pulses is
since 2π/Ω ≃ 1µs, so about 15µs is the required duration of pulses to get a superposition of 16 coherent states, this time is much less than that necessary for doing the experiment proposed in [14] . The probability for the first successful cycle is P ↑ (t 1 ) = 1 + e −2r 2 /2 while for the second successful cycle is P ↑ (t 1 + t 2 ) = Now, we will describe a scheme that generates a superposition of M +1 arbitrary coherent states on the circle as a result of selecting all pulses having the same duration τ .
If we consider equal times τ in Eqs. (15) and (18), after two successful cycles we get
which is not what we need because the second term has a factor 2 and we want all the coefficients in (24) be equal to 1. Thus, we have to use a second pair of lasers (also in the Lamb-Dicke limit) with Lamb-Dicke parameter η r satisfying the condition η 2 r Λ ≪ η 2 Ω in order to rotate the electronic levels according to the evolution ruled by
Now, each cycle consists of one rotating pulse, one evolution pulse and one measurement. The action of the l−th rotating pulse on |↑ with duration t
Assuming each cycle is successful (no-fluorescence measurement), the evolution of the ion vibrational state after, for instance, M = 3 cycles goes as follow (Ωτ = 2π):
In order to adjust the coefficients in (27) to reproduce the phases of α k in Eq. (2), we need first to attribute values to the duration of each evolution pulse and to the Lamb-Dicke
.
For determining the time intervals t ′ l of each rotating pulse we set each coefficient in (27) equal to 1, so we need to solve a system of algebraic equations. Calling z l = b l /a l , the system of equations is ≈ |15 is T = 15 (2π/Ω + π/16Λ), which is larger than in the first scheme by 15π/16Λ, showing that it takes more pulses time to generate an odd Fock number state than an even one.
V. CONCLUSIONS
We have analyzed three schemes to engineer particular circular states for the vibrational mode of a trapped ion. We have considered the ion interacting with two laser beams in a stimulated Raman configuration and have selected the effective laser frequency in resonance with the ion transition electronic frequency, which resulted into an effective interaction of type-Kerr in the ion-laser system. After preparing the system in a particular initial state (|α 0 ↑ ) we have considered M operations where each successful cycle results in a new (extended) circular state for the vibrational motion. We have calculated the total time of pulses necessary for each kind of circular state and the probability to produce it. We have shown the possibility to construct Fock states and two-Fock states superpositions out from the circular states and verified that it takes much more pulses time to generate an odd circular state |2 M − 1 than the even |2 M . The measurement process occurs when the laser is coupled to the |d ↔ | ↓ transition, where the width of the |d level is Γ and Γ/2π ≈ 20 MHz (2π/Γ ≈ 0.05µ s), the duration of the pulse T ′ must be sufficiently long to allow the emission of at least one photon with high probability. The non-observation of a fluorescence photon during time T ′ is a measurement, meaning that the internal electronic state is in level | ↑ , thus collapsing the state, and so the process of the other lasers pulses can proceed. According to [14] T ′ ≪ 2µs, assuming a T ′ ≈ 0.2µs, the time NT ′ , where N is the number of cycles of pulses, is to be added to the pulses total time for producing successfully a Fock number state. At much it will represent about or less than 10% of the total time.
